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I. INTRODUCTION
In 1947 Snyder perceived that the introduction of a smallest unit of length in space-time forces the drop of the
usual assumption of commutativity among the space-time coordinates [1]. Behind such idea was the attempt of
solving divergence in matter-field interactions. The idea received few attention until 1999 when new developments
in string theory revealed that noncommutative space-time is realized in string theory when open string propagates
in the presence of constant background antisymmetric tensor field [2,3]. Motivated by such theoretical achievement
the idea was soon extended to quantum field theory [4]. In noncommutative quantum field theory(NCQFT) much
attention has been devoted to noncommutative QED(NCQED) [5,6,7,8,9,10,11,12,13,14]. The reason for this is found
in the structure and in the questions raised in the NCQED. Even though NCQED is a gauge theory based on the
symmetry U(1)em, its structure presents a nonabelian character [4]. As a direct consequence of the noncommutativity
among space-time coordinates, the theory is no longer Lorentz invariant [9] neither respect unitatity if time does not
commute with space [10]. Other novelty is that there appears a connection among ultraviolet and infrared divergences
[6,7,8,9,10].
From the phenomenological point of view, much attention has been given to the nonabelian character of NCQED
[15,16,17]. It is well know that the unique interaction in ordinary QED is the current interaction. In NCQED this
interaction changes by a momentum-dependent phase factor. Besides, it now disposes of 3 and 4 point interactions
giving rise to the γγ → γγ scattering at tree level [17]. Due to these changes, a re-analysis of all the basic processes
in NCQED appears to be necessary [15,17]. In this regard, particular attention has been given to the processes
e+e− → γγ, and γγ → γγ [17]. The reason for this is that the first process receives a new contribution and the other
exist only due to the nonabelian character of NCQED.
In the works [15,17] attention has been called to the validity of the Ward identity. Differently from ordinary QED,
where Ward identity is straightforward, in NCQED some care has to be taken due to the nonabelian structure of the
theory. We think this is sufficient reason for a detailed analysis, and for an explicit checking of the Ward identity for
the e+e− → γγ and γγ → γγ processes.
The aim of this work is to check how the Ward identity comes about at tree level in NCQED in both processes
e+e− → γγ and γγ → γγ [18]. For pedagogical reasons we make analogy with QCD. In QCD the structure constants
play crucial role in getting the Ward identity in gg → gg scattering. It is the Jacobi identity among the structure
constants of the SU(3)C group that assures the Ward identity. Although NCQED presents a nonabelian structure it
does not present a group structure, hence there are no structure constants. There in place of the structure constants
we have momentum-dependent phase factors. Our main question here is if those phase factors will play the role of
the structure constants through some equivalent Jacobi identity.
To achieve these goals, we organize this work in the following way. In Sec. II we begin discussing about the main
aspects of NCQED, and after in Sec. III we check the vality of Ward identity in the pair annihilation process. In
Sec. IV we check the identity in the γγ → γγ scattering. We end our work in Sec. V where we introduce some
comments and remarks.
II. NONCOMMUTATIVE QED
The idea behind noncommutative space-time is that in some very microscopic regime our common understanding of
space-time is not applicable anymore. Such regime is marked by a patch of area θ where space-time loses its condition
of continuum and passes to obey the relation
[xˆµ, xˆν ] = iθµν , (1)
where θµν is a real antisymmetric constant matrix. In the original idea θµν was an operator and then Lorentz
invariance was preserved. Here θµν is an ordinary area. This gives a preferential direction to space-time thus leading
to violation of Lorentz invariance.
One way of implementing noncommutative coordinates in the context of field theory is through the Moyal product
[2]
A(x) ⋆ B(x) ≡ [e(i/2)θµν∂ζµ∂ηνA(x+ ζ)B(x + η)]ζ=η=0. (2)
The procedure with noncommutative coordinates goes like this. First the Lagrangian is formulated in terms of star
⋆ product. After we must change the ⋆ product by the Moyal expansion in (2) in order to leave the Lagrangian in
terms of ordinary product.
In gauge theory first thing to do is to express the gauge transformation in terms of ⋆ products
2
Aµ → U ⋆ Aµ ⋆ U
−1 +
i
g
U ⋆ ∂µU
−1. (3)
In the case of NCQED the gauge symmetry is U = eiαq. With this symmetry the gauge invariance of the photon
takes the form
Aµ → Aµ + ∂µα+ 2 sin(p1θp2/2)Aµα. (4)
Perceive that such transformation is similar to a nonabelian one. As immediate consequence the tensor Fµν must
change in order to the action of the NCQED preserves the gauge invariance
Fµν = ∂µAν − ∂νAµ − ig[Aµ, Aν ]⋆ = ∂µAν − ∂νAµ − ig(Aµ ⋆ Aν −Aν ⋆ Aµ). (5)
Applying the Moyal product, the tensor above takes the form
Fµν = ∂µAν − ∂νAµ + 2g sin(p1θp2/2)AµAν , (6)
and this leads us to conclude that the nonabelian character of NCQED is a pure geometric effect.
In terms of ordinary product, the NCQED presents the following action
S =
∫
d4x
(
−
1
4π
FµνFµν + ψ¯i∂/ψ − ge
ip1θp2/2ψ¯A/ψ −mψ¯ψ
)
. (7)
The Feynman rules drew from this action are displayed in FIG. (1).
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FIG. 1. Feynman rules of NCQED.
III. WARD IDENTITY IN PAIR ANNIHILATION PROCESS
In NCQED the e+e− → γγ process gains a new contribution due to the 3 point interaction among the photons
displayed in FIG. (2). The central issue of this section is to see how Ward identity is satisfied in this process in view
of the new contribution.
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FIG. 2. The three tree level contributions to e+e− → γγ in NCQED.
The total amplitude for the e+e− → γγ process contains three contributions
iMµνǫ∗µ(k1)ǫ
∗
ν(k2) = iM
µν
1 ǫ
∗
µ(k1)ǫ
∗
ν(k2) + iM
µν
2 ǫ
∗
µ(k1)ǫ
∗
ν(k2) + iM
µν
3 ǫ
∗
µ(k1)ǫ
∗
ν(k2). (8)
According to the Feynman rules in FIG. (1), the first two invariant amplitudes take the following form
iMµν1,2ǫ
∗
µ(k1)ǫ
∗
ν(k2) = iM
µν
1 ǫ
∗
µ(k1)ǫ
∗
ν(k2) + iM
µν
2 ǫ
∗
µ(k1)ǫ
∗
ν(k2) =
(ig)2v¯(p2)γ
µeip1θ(p2−k2)/2
i
p2/− k2/ −m
γνeip2θ(p2−k2)/2u(p1)ǫ
∗
µ(k1)ǫ
∗
ν(k2)
+(ig)2v¯(p2)γ
νeip2θ(k2−p1)/2
i
k2/− p1/−m
γµeip1θ(k2−p1)/2u(p1)ǫ
∗
µ(k1)ǫ
∗
ν(k2). (9)
Differently from QED we need some assumptions for the validity of the Ward identity. In choosing the photon of
momentum k2 we ought to assume that the other is on shell, k
2
1 = 0, and transverse, ǫ · k1 = 0.
In replacing ǫ∗ν(k2) by k2ν , eliminating k2 by momentum conservation, and also making use of the Dirac equations
(p1/−m)u(p1) = 0 , v¯(p2)(−p2/−m) = 0, we are able to bring the contraction of the amplitude with the momentum k2
to the following simple form
iMµν1,2ǫ
∗
µ(k1)k2ν = 2g
2eip1θp2/2 sin[(p1 + p2)θk2/2]v¯(p2)γ
µu(p1)ǫ
∗(k1)µ. (10)
Let us now work out the third contribution. The amplitude of the third graphic in Fig. (2) is
iMµν3 ǫ
∗
µ(k1)ǫ
∗
ν(k2)= igv¯(p2)γρe
ip1θp2/2u(p1)
−i
k23
ǫ∗µ(k1)ǫ
∗
ν(k2)
×2g sin(k2θk1/2)[g
µν(k2 − k1)
ρ + gνρ(k3 − k2)
µ + gρµ(k1 − k3)]. (11)
In replacing ǫ∗ν(k2) by k2ν and using the momentum conservation, p1+p2 = k1+k2, we obtain after some manipulation
iMµν3 ǫ
∗
µ(k1)k2ν = −2g
2eip1θp2/2 sin[(p1 + p2)θk2/2)]v¯(p2)γ
µu(p1)ǫ
∗
µ(k1). (12)
From (10) and (12) we have that the Ward identity is satisfied
iMµνǫ∗µ(k1)k2ν = 0. (13)
We think that this check is necessary once it is not trivial that the structure of the amplitudes in (9) and (11) leads to
a cancellation when summed. It is interesting to see that the cancellation occurs without resort to any suppositions
over the momentum-dependent phase factors.
4
IV. WARD IDENTITY IN γγ → γγ SCATTERING
It is very well known that photons do not carry any kind of charge. Then they do not present self interactions.
This is no longer true in scenarios involving noncommutative space-time. In NCQED photons present 3 and 4 point
interactions. This gives rise to γγ → γγ scattering at tree level. The analysis of such scattering has been carried out
by many authors [17]. However the checking of the Ward identity of such scattering was not done yet. In those works
the Ward identity is assumed to be valid. In view of this, it turns useful to check the Ward identity in γγ → γγ
scattering in NCQED. Also we find interesting to make some analogy with QCD since there the structure constants
play an important role, through the Jacobi identity, in getting the Ward identity in gg → gg scattering.
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FIG. 3. The tree level contributions to γγ → γγ in NCQED.
The four contributions for the γγ → γγ scattering is presented in FIG. (3). The first three graphics compose the
channels s, t and u. The respective amplitudes are
iMµνρσs ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫ
∗
σ(k2) = −4ig
2 sin(p1θp2/2) sin(k1θk2/2)ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫ
∗
σ(k2)
×Cαµν(−p1,−p2, q1)
gαβ
q21
Cβρσ(−k1,−k2, q1),
iMµνρσt ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫ
∗
σ(k2) = −ig
2 sin(p1θk1/2) sin(p2θk2/2)ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫ
∗
σ(k2)
×Cµαρ(q2, k1,−p1)
gαβ
q2
Cσνβ(p2, q2,−k2),
iMµνρσu ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫ
∗
σ(k2) = −ig
2 sin(p1θk2/2) sin(p2θk1/2)ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫ
∗
σ(k2)
×Cµασ(q3, k2,−p1)
gαβ
q23
Cρνβ(p2, q3,−k1), (14)
where
Cθφγ(P1, P2, P3) = (P1 − P2)
θgφγ + (P2 − P3)
φgγθ + (P3 − P1)
γgθφ. (15)
To go further we choose one photon for the checking. Let us take the photon of momentum k2, and then suppose
that all the other three are transverses, ǫ(k1) · k1 = ǫ(p1) · p1 = ǫ(p2) · p2 = 0 and on shell, p
2
1 = 0, p
2
2 = 0, k
2
1 = 0.
After this we replace ǫσ(k2) by k2σ in the above amplitudes. First thing to note here is that
ǫ∗ρ(k1)k2σC
βρσ(−k1,−k2, q1) = ǫ
∗
ρ(k1)(q
2
1g
ρβ
− qβ1 q
ρ
1),
5
ǫν(p2)k2σC
σνβ(p2, q2,−k2) = −ǫν(p2)(q
2
2g
νβ
− qβ2 q
ν
2 ),
ǫµ(p1)k2σC
µασ(q3, k2,−p1) = ǫµ(p1)(q
3
2g
µα
− qµ3 q
α
3 ). (16)
Substituting (16) in (14) we obtain
iMµνρσs ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = −4ig
2 sin(p1θp2/2) sin(k1θk2/2)ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)
×gαβ(g
ρβ
−
qβ1 q
ρ
1
q21
)Cαµν(−p1,−p2, q1),
iMµνρσt ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = 4ig
2 sin(p1θk1/2) sin(p2θk2/2)ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)
×gαβ(g
νβ
−
qβ2 q
ν
2
q22
)Cµαρ(q2, k1,−p1),
iMµνρσu ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = −4ig
2 sin(p1θk2/2) sin(p2θk1/2)ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)
×gαβ(g
µα
−
qµ3 q
α
3
q23
)Cρνβ(p2, q3,−k1), (17)
The following products vanish:
ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)gαβq
ρ
1q
β
1C
αµν(−p1,−p2, q1) = 0,
ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)gαβq
ν
2 q
β
2C
µαρ(q2, k1,−p1) = 0,
ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)gαβq
µ
3 q
α
3C
ρνβ(p2, q3,−k1) = 0. (18)
With this the amplitudes in (17) take the following expressions
iMµνρσs ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = −4ig
2ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1) sin(p1θp2/2) sin(k1θk2/2)C
ρµν(−p1,−p2, q1),
iMµνρσt ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = 4ig
2ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1) sin(p1θk1/2) sin(p2θk2/2)C
µνρ(q2, k1,−p1),
iMµνρσu ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = −4ig
2ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1) sin(p1θk2/2) sin(p2θk1/2)C
ρνµ(p2, q3,−k1). (19)
Now let us consider the fourth contribution. According to the Feynman rules in FIG. (3), the invariant amplitude
for such contribution takes the form
iMµνρσc ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫσ(k2)= 4ig
2ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)ǫσ(k2)
× [sin(p1θp2/2) sin(k1θk2/2)(g
σνgµρ − gσµgρν)
+ sin(p1θk1/2) sin(p2θk2/2)(g
σρgµν − gσµgνρ)
+ sin(p1θk2/2) sin(p2θk1/2)(g
σρgµν − gσνgµρ)] . (20)
Replacing ǫσ(k2) by k2σ, we get
iMµνρσc ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ= 4ig
2ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)
×[sin(p1θp2/2) sin(k1θk2/2)(k2νg
µρ
− k2νg
ρν)
+ sin(p1θk1/2) sin(p2θk2/2)(k2ρg
µν
− k2µg
νρ)
+ sin(p1θk2/2) sin(p2θk1/2)(k2ρg
µν
− k2νg
µρ)]. (21)
Now we have to sum the four contributions. Using momentum conservation, we can eliminate q1, q2 and q3 in favor
of p1, p2, k1 and k2. Then after some manipulation we are able to write the total amplitude in the following simple
form
6
iMµνρσtotal ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = −4ig
2ǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)C
ρµν(−p1,−p2, k1)
× (sin(p1θp2/2) sin(k1θk2/2) + sin(k1θp1/2) sin(p2θk2/2) + sin(p1θk2/2) sin(p2θk1/2)) . (22)
It will be very instructive if we consider in this point of our checking the Ward identity in the gg → gg scattering in
QCD. This scattering is very similar to our scattering above both in number of contributions and in their Feynman
rules. However there is the subtle difference that gluons carry color. The Feynman rules used here can be found, for
instance, in [19]. Making the same assumptions and taking the same steps as done in the case of NCQED above,
and also making the same distribution of momenta and polarization vectors for the four external gluons, we get the
following expression for the contraction of the momentum k2σ with the total amplitude of the scattering
iMµνρσQCDǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = −ig
2ǫν(p1)ǫµ(p2)ǫ
∗
ρ(k1)C
ρµν (−p1,−p2, k1)
×(fabcf cfg + fgacf cfb + ffacf cbg). (23)
We can see from (23) that it is the Jacobi identity
fabcf cfg + fgacf cfb + ffacf cbg = 0, (24)
that guarantees the Ward identity
iMµνρσQCDǫµ(p1)ǫν(p2)ǫ
∗
ρ(k1)k2σ = 0. (25)
This express how important are the structure constants, through the Jacobi identity, in getting the Ward identity in
QCD.
It is interesting to see if the momentum-dependent phase factors engender an analogous identity. To see that this
in fact happens we notice that the expression in (22) goes to zero if and only if
sin(p1θp2/2) sin(k1θk2/2) + sin(k1θp1/2) sin(p2θk2/2) + sin(p1θk2/2) sin(p2θk1/2) = 0. (26)
Let us suppose that this is really true. Then we can map the structure constants of QCD in the moment-dependent
phase factors of NCQED as follows
fabc ↔ 2 sin(p1θp2/2) , f
cfg
↔ 2 sin(k1θk2/2),
ffac ↔ 2 sin(p1θk2/2) , f
cbg
↔ 2 sin(p2θk1/2),
fgac ↔ 2 sin(k1θp1/2) , f
cbf
↔ 2 sin(k2θp2/2). (27)
The antisymmetry among two indices of the structure constant fabc is equivalent to the antisymmetry among the two
indices of θµν which translates in the property
sin(pθq/2) = − sin(qθp/2). (28)
For checking that such mapping really works, we notice that in substituting all the momentum-dependent phase
factors by the structure constants in the calculations of the γγ → γγ scattering, we reproduce all the steps of the
gg → gg scattering in QCD. The usefulness of this mapping is that, with some care, we can obtain the amplitude for
any process in NCQED from its similar amplitude in QCD, or vice-versa. For example, we could soon arrive in (23)
from (22) through the mapping suggested above.
Let us show that in fact (26) vanishes. For this we make use of the momentum conservation p1 + p2 = k1 + k2 for
eliminating k2 in favor of the other momenta. Doing this and using (28), we have that
sin(k1θk2/2) = sin(k1θp1/2) cos(p2θk1/2)− cos(p1θk1/2) sin(p2θk1/2),
sin(p2θk2/2) = − sin(p1θp2/2) cos(p2θk1/2)− cos(p1θp2/2) sin(p2θk1/2),
sin(p2θk1/2) = sin(p1θp2/2) cos(p1θk1/2) + cos(p1θp2/2) sin(k1θp1/2). (29)
Substituting (29) in (26) we easily see that (26) is really true. Then like the structure constants in QCD, the
momentum-dependent phase factors in NCQED are crucials in the validity of the Ward identity.
7
V. FINAL REMARKS
In this work we checked the Ward identity in pair annihilation process and γγ → γγ scattering in the context of
NCQED. As expected, in both processes the Ward identity is satisfied. We emphasize that our check is general, valid
for θµν arbitrary.
In regard to the γγ → γγ scattering, we found a kind of identity among the momentum-dependent phase factors
which played a role similar to the Jacobi identity in QCD. Due to those similarities we have been able to make
a mapping among QCD and NCQED. With such mapping we can write all the Feynman rules and also invariant
amplitudes in NCQED from similar processes in QCD. Finaly
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APPENDIX: WARD IDENTITY
The Ward identity is a constraint that appears in processes that present external photons. In those processes the
invariant amplitude takes the form
M = ǫα(k1)ǫβ(k2) · · ·M
αβ···(k1, k2, · · ·). (A1)
The Ward identity states that for all the external photons we must have
k1αM
αβ··· = k2βM
αβ··· = · · · = 0. (A2)
There are other ways of stating the Ward identity, as for example in terms of renormalization factors. Since we restrict
our analysis to tree level processes, the above statement is more useful for us. In practical terms (A2) demands the
on shell photons to be transverse. For sake of completeness we present a short demonstration of (A2).
Ward identity is strictly connected to gauge invariance. In ordinary QED the gauge field transforms as
Aµ → Aµ + ∂µα. (A3)
We can describe the gauge field, in a Lorentz gauge, by the following plane wave
Aµ ∼ ǫµ(k)e
±ik·x. (A4)
Taking α ∼ α˜(k)e±ik·x the gauge invariance in (A3) translates in the following transformation of the polarization
vector
ǫµ(k)→ ǫµ(k)± kµα˜(k). (A5)
In view of this transformation for the polarization vectors the invariance of the amplitude M in (A1) leads to the
constraint in (A2). The procedure in nonabelian symmetry is similar.
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